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Preliminaries
Introduction

Definition
X: compact complex surface.

x: K3 & {Kx~0
dim H1(X, 0x) = 0

Example
o X1 XS+ X!+ XI+ X =0CP®
o X 2525 (non-singular sextic curve)

Proposition
dim H2°(X) = dim H%?(X) = 1, dim H}(X) = 20.
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Introduction Preliminaries

X has a nowhere vanishing holomorphic 2-form.
H>%(X) = C{wx)

Proposition

H?(X, Z) has a structure of a lattice by the cup product.

Definition
o Sy 1= {x € H2(X, Z)[{X, wx) = 0}
Néron-Severi lattice
o Ty := S; in H2(X, Z)
transcendental lattice

1<rank Sx <200 2<rank Tx < 210
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e g e 8 K s
Automorphisms of K3 surfaces

G: finite subgroup of Aut ( X).

g € G, g'wx = a(g)wx where a(g) € C*.

We have a homomorphism «a : G - C* and an exact
sequence 1 - Kera —» G 5 ZIZ — 1.

Example

c 4 4 4 4 _ 3
X XO+X1+X2+X3_OCIP.

e The permutations of coordinates.

) Xi g V—].Xi.

G := &, < (Z/4Z)3 acts on X.
1— Gy (Z/AZ)? » G = /4T — 1.
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Introduction Automorphisms of K3 surfaces

Example

2:1 . .
X — IP? 5 (non-singular sextic curve)

e The covering transformation induces an
automorphism ¢ on X.

o "Wy = —wx.
1515 G:=() > Z/2Z - 1.
Definition
1> Kera >G> Z/IZ -1
G : symplectic g} =1
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Introduction Automorphisms of K3 surfaces

Theorem (Mukai)
For a finite group G, the following two conditions are
equivalent to each other:

e G has a symplectic action on X.

e G has an embedding G ¢ M3 into the Mathieu
group and decomposes {1, 2, 3,..., 24} into at least
5 orbits.

Today, we study non-symplectic cases (I # 1).
Proposition (Nikulin, Xiao, -« )

o @ :Euler function = ®(l)|rank Tx < 21.

o | # 60. (®(60) = 16)
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Non-symplectic automorphisms Basic results

Non-symplectic automorphisms
Definition
o automorphism of order | on X.
. def
o . non-symplectic & o*wx = {wx
where ¢ is a primitive |-th root of unity.

Proposition (Nikulin)
Let ¢ be a non-symplectic involution on X.

¢
X' := Fix(¢) = {CW 1 C®
COmumPir... et

where C9 is a non-singular curve with genus g.
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Non-symplectic automorphisms Basic results

Proposition (Vorontsov, Kondo)
Assume that o acts on trivially on Sy.
e If ord o is prime-power then
ordo = pf =22 3f 5 5% 7 11 13, 17,19
(1<a<41<p<3) and Sxis pelementary.

e If ord o is non-prime-power then Sy is unimodular.

o If rank Sx = 2 then ord 0|66, 44 0or 12

o If rank Sx = 10then ord 0|42, 36 or 28

o If rank Sx = 18then ord 0|12
The cases were studied by Kondo.
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Non-symplectic automorphisms p-elementary lattices

p-elementary lattices

Definition
L: lattice, p: prime number.
L* := Hom(L, ).

def
L: p-elementary = L*/L = (Z/ pZz)®2.
Example

o Ay = (_12 _12) is a 3-elementary lattice with a = 1.

e D4 is a 2-elementary lattice with a = 2.

o U= ((1) é) is a p-elementary lattice with a = 0.
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Non-symplectic automorphisms p-elementary lattices

Theorem (Nikulin)

¢: non-symplectic involution acting trivially on Sy
r := rank Sx

S /Sx = (Z/22)®

P Sx = U(2) ® E5(2)
X =1c®c® Sx = U@ Eg(2)
COUPII..-LIP! otherwise
22-r-a r—e
= — ]Pl =
g > f 2

Shingo Taki (TDU) Non-symplectic automorphisms of K3 surfaces October 23, 2012

11/25



Non-symplectic automorphisms p-elementary lattices

p-elementary lattices with some conditions are
classified.
e p = 20 V.V. Nikulin
e p # 200 A.N. Rudakov and I.R. Shafarevich
rhaoé p=2

invariants ~»
r, a p# 2

Problem

Let o be a non-symplectic automorphism which acts
trivially on Sy.

Describe the fixed locus X7 in terms of the invariants of
p-elementary lattices.
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Non-symplectic automorphisms which act trivially on Sx
Non-symplectic automorphisms which act trivially on Sx

Assume ordo = p > 3.
XT=CcOUupPtu-..-UP U {Py,..., Py}
where Pj is an isolated point.
x(X?) =(2-29)+2x #PY + M

We apply the topological Lefschetz formula.

X(X%) Z( 1)'tr(0*[H'(X, R))
= 1 O+tr(o*|Sx) +tr(c*|Tx) — 0+ 1
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Non-symplectic automorphisms Non-symplectic automorphisms which act trivially on Sx

Apply the holomorphic Lefschetz formula:
2

wawmﬁm=§hmﬂ+2mm

i=0 J

- ¢pC?
AP = u1 _ b = 1-9(C)  ep™ .
T (1-9a-g) 1-gp  (1-¢p?
Lemma
M is determined by pand r. ’

If p=3,5or7then

_(p=2)r-2
= 1

M
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Non-symplectic automorphisms Non-symplectic automorphisms which act trivially on Sx

@ =1+0*+0%+---+0*%, Bi=1-0"
C(X): chain complex of X with coefficients in 7Z/pZ

p=B (i=12...,p=1)~ pC(X): chain subcomplexe .

U
Hg(X): Smith special homology group.

Proposition (Smith exact sequences)
°p =ﬂiDp_=ﬂp_i (i=L4L2...,p-1)
N H‘g(X)EB Ho(X7) = Hg(X) = HA(X) - -+

0 +er = HI(X) > HE(X) = HET(X) > .-+
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Non-symplectic automorphisms Non-symplectic automorphisms which act trivially on Sx

By Smith exact sequences, we have the following:

Proposition

20+ 2p+ (p—2)r —= 2(p- 1a
p-1 '

D dim Hg(X7) =
q

D dim Hg(X7) = x(X7) = 2dim Hy(X7) = 4g.
q
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Non-symplectic automorphisms Non-symplectic automorphisms which act trivially on Sx

Theorem (Nikulin, Oguiso, Zhang, Artebani, Sarti, T)
Assume Sy is p-elementary.
do:ordpe= 22-r—-(p-1)a€ 2(p—-1)Zso

X7 =COUP .- - HP LI {Py,..., Py,

22-r—-(p-1a
g =
2(p-1)
#P! is also determined by p, r and a.

9

2+r—(p—-121a
2(p-1)

(If p=3,5o0r7thenfP! =
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Non-symplectic automorphisms Non-symplectic automorphisms which act trivially on Sx
Example of order 7

Xy =x3+x+t Sx=U® Esg
o. (X, Y, t) — (X’ Y, §7t)

.

XT=COUP I {Py,..., Pg).
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Non-symplectic automorphisms Non-symplectic automorphisms which act trivially on Sx

prime-power order

Theorem

o non-symplectic automorphism of order p (k > 2).

XC=Pl...UP L {Py,..., Pyl

P! and M are determined by pand r.

o ord o = 20D Schiitt (rank Tx = ord o), T
eordo =300 T

e ord o = 3*M Oguiso & Zhang

e ord o = 5?00 Kondo
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Non-symplectic automorphisms Non-symplectic automorphisms which act trivially on Sx

Problem
Study the following:

e Non-symplectic automorphisms which do NOT act
trivially on Sy.

e Symplectic and non-symplectic automorphisms.
(e.g., o : automorphism of order 9s.t. 0* = {3wx)
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Non-symplectic automorphisms of order 32
Non-symplectic automorphisms of order 32

Remark
Let o be a non-symplectic automorphism of order |.

e @ :Euler function = ®(l)|rank Tx < 21

e If o acts on trivially on Sx and | is prime-power then
| = pt=2% 3% 55 711 13 17, 19
l<a<41<p<LI

But ®(2°) = 16
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Non-symplectic automorphisms of order 32
Example (Oguiso)
s \2 — 3 2 11
Xog - Y= X"+ t°X + t

oog(xa Y, t) = ( 32X’ 32y, 32 )

O og IS @ non-symplectic automorphism of order 32 which
acts on Sy, as involution.

Theorem (T)
Let X be a K3 surface and o~ a non-symplectic
automorphism of order 32 on X.

(1) The fixed locus of o has exactly six points.
(2) (X, {o)) = (xoga <0'og>)
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Order 32

X:y2=x3+t2x+t11
o (%Y 1) B (E0% E5Y 1)

7= {P]_,...,Pe}.
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Order 16

Xy =x3+tx+tH
o (%Y, 1) b (2 X, 40Y, $0 1)

X7 =P1H{P1,..., Pa}
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Order 2

X:yr=x3+t2x + tH
. (Xs Ys t) = (Xa -Y, t)

c™

]Pl
X7 = CO) 11 P 11 PL.
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